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1. For ALL APPLICANTS.

For each part of the question on pages 3-7 you will be given four possible answers,
just one of which is correct. Indicate for each part A—J which answer (a), (b), (c),
or (d) you think is correct with a tick (v') in the corresponding column in the table
below. Please show any rough working in the space provided between the parts.

(a) (b) () (d)




A. A sketch of the graph y = 23 — 22 — z + 1 appears on which of the following axes?
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B. A rectangle has perimeter P and area A. The values P and A must satisfy

(a) P> A,

(b) A%?>2P+1,

()

P*>164, (d) PA>A+P
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C. The sequence z,, is given by the formula

T, =n% —9n? 4 631

The largest value of n for which z,, > Tpay 1S
@5 ®7 ©1 @ i

——

D. The fraction of the interva] 0 < z < 2m, for which one (or both) of the inequalities

1 il
s L . S =
sinz > 5 sin 2z 5
is true, equals : 6
1 13 5
@3 Oz @5 @:



E. The circle in the diagram has centre C. Three angles «, 3,7 are also indicated.
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The angles «, 3,7 are related by the equation:
(2) coscr = sin (6 +7) ;
(b) sin § = sinasin;
(c) sinf (1 — cos ) = siny;
(d) sin (& + B) = cosysina.

F. Given ¢ in the range 0 < § < 7, the equation

z? +y* + 4z cosf + 8ysinf + 10 =0

represents a circle for

6< (o) 0<9<g, (d) all values of 6.

™ m
(a) 0<9<§, (b) 1<9<—
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G. A graph of the function y = f (z) is sketched on the axes below:

y
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The value of L f@?- 1) dz equals

O I I R

H. The number of positive values z which satisfy the equation
T = glBT _ glogsz _ glogyz log, 5 0.25
is

@ 0 () 1, (9 2 (d) 3.



I. In the range 0 € = < 27 the equation
sin®z +cosbz =1

has

(a) 3 solutions , (b) 4 solutions, (c) 6 solutions, (d) 8 solutions.

J. The function f(n) is defined for positive integers n according to the rules
=1, f(2n) = f(n), f2n+1) = (f(n))* - 2.
The value of f(1) + f(2) + f(3) +--- + f£(100) is

() —8, (b —31, (c) 23, (d) 58.

Turn over



2. For ALL APPLICANTS.
Suppose that z satisfies the equation
e =2z+1. (%)

(i) Show that
z* = ¢ + 222 and z° = 2 4 4z + 22,

(ii) For every integer k& > 0, we can uniquely write
7% = Ay + Buz + Cyz?
where Ay, By, Cy, are integers: So, in part (1), it was shown that
A3=0,B,=1,C,=2 and As=2 Bs=4 Cs=1.

Show that .
Ay = Cy, Biy1 = Ak + 2C, Cr41 = Bg.

(iii) Let
Dy = A+ Cy, — B,.
Show that Dy,; = —D,. and hence that

A+ Ck, =B, + (—].)k.
(iV) Let F, = Apyr + Ch+1. Show that

Fi+ Frp1 = Figo.
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For APPLICANTS IN ONLY.

Computer Science and Computer Science & Philosophy applicants should turn to
page 14.

The graphs of y = 2* — z and y = m (z — a) are drawn on the axes below. Here m > 0
and a < —1.

The line y = m (z — a) meets the z-axis at A = (a, 0), touches the cubic y=z'-zat B
and intersects again with the cubic at C'. The z-coordinates of B and C are respectively
b and c.

(i) Use the fact that the line and cubic fouch when z = b, to show that m = 352 — 1.

(ii) Show further that
2b°

S —1
(iif) If @ = —10°%, what is the approximate value of b?

(iv) Using the fact that
2’ —z-m(z—a)=(z—b)*(z—c)
(which you need not prove), show that ¢ = —2b.

(v) R is the finite region bounded above by the line y = m (z — a) and bounded below
by the cubic y = z® — z. For what value of a is the area of R largest?

Show that the largest possible area of R is 2.






4.
MATHEMATICS

For APPLICANTS IN { MATHEMATICS & STATISTICS ONLY.

MATHEMATICS & PHILOSOPHY :
Mathematics & Computer Science, Computer Science and Computer Science & Philos-
ophy applicants should turn to page 14.

Let @ denote the quarter-disc of points (z,y) such that z > 0, y > 0 and 22 +y2<1as
drawn in Figures A and B below.
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Figure A
(i) On the axes in Figure A, sketch the graphs of

+y= : +y=1 r+y= -
T y - 27 T y=1, Y= 2
What is the largest value of z + Yy achieved at points (z,y) in Q7 Justify your answer.
(ii) On the axes in Figure B, sketch the graphs of
ry=-, zy=1 =zy=2.
What is the largest value of 72 + y* + 4zy achieved at points (z,y) in Q7
What is the largest value of 22 + y2 — 6zy achieved at points (z,y) in Q?

(iil) Describe the curve
Py —dr—2y=k

where k& > —5.

What is the smallest value of 22 + y? — 4z — 2y achieved at points (z,y) in Q7

12






5. For ALL APPLICANTS.

n X n grid
Figure C shows an example of a semi-

(iii) Write down & formula for the number of possible solutions in a semi-grid of size n.
Explain why your formula is correct.

Now let us change the problem slightly and redefine a goal square as any square that
can be described ag follows:

e the lower-left Square Is not a goal square;

® each square that is located immediately above oy immediately to the right of a
non-goal square is a goal square; and

e each square that is located immediately above or immediately to the right of a
goal square is a non-goal square,

Furthermore: let us assume that, upon reaching a goal Square, the robot may decide to
stop or to continue moving (provided that there are more allowed moves).

(iv) With these modifications in place, write down al) the solutions in a semi-grid of size
4, and all the solutions in g semi-grid of size 5.

(v) How many solutions are there now in a semi-grid of sjze n, where n is a positive
integer? You may wish to consider separately the cases where 7, is even or odd.
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6.
COMPUTER SCIENCE

For APPLICANTS IN { MATHEMATICS & COMPUTER SCIENCE ‘ ONLY.
COMPUTER SCIENCE & PHILOSOPHY

Alice, Bob, Charlie and Diane are playing together when one of them breaks a precious
vase. They all know who broke the vase. When questioned they make the following
statements:

Alice: It was Bob.
Bob: It was Diane.
Charlie: It was not me.
Diane: What Bob says is WIong.

Each statement is either true or false.
(i) Explain why at least one of the four must be lying.
(ii) Explain why at least one of them must be telling the truth.

(iii) Let us suppose that exactly one of the four is lying, so the other three are telling
the truth. Who is lying? Who did break the vase? Explain your answer.

(iv) Let us now suppose that exactly one of the four is telling the truth, so the other
three are lying. Who is telling the truth? Who did break the vase? Explain your answer.

(v) Let us now suppose that two of the statements are true and two are false. List the
people who might now have broken the vase. Justify your answers.

(vi) Hence show that if we don’t know how many of the four statements are true, then
any one of the four could have broken the vase.

16
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For APPLICANTS IN { COMPUTER SCIENCE

COMPUTER SCIENCE & PHILOSOPHY } .

this game, Alice and Bob take turns placing one coin at a time on the table, each to the
right of the previous one; thus they build a row of coins that grows to the right. Alice
always places the first coin. Each coin is placed head-up (H) or tail-up (T), and cannot
be flipped or moved once it has been placed.

A player loses the game if he or she places a coin that results in two adjacent coins
having the same pattern of heads and tails as another adjacent pair somewhere in the
row (reading a pattern from left to right). For example, Bob has lost this game by
producing a second instance of HT (where @ and b denote coins placed by Alice and Bob
respectively):

a b a b a b
HHTTHT

and Alice has lost this game by producing a second instance of TT (overlapping pairs
can count as repeats):

a b a b a

T HTTT

() What is the smallest number of coins that might be placed in a game of HT.2
(including the final coin that causes a player to lose)? What is the largest number?
Justify each answer.

(ii) Bob can always win a game of HT-2 by adopting a particular strategy. Describe the
strategy.

For any positive integer n, there is a game HT-n with the same rules as HT-2, except
that the game is lost by a player who creates an unbroken sequence of n heads and tails
that appears elsewhere in the row. For example, Bob has lost this game of HT-3 by
producing a second instance of THT:

a b a b a b g b
HHTTHTHT

(iii) Suppose n is odd, and Bob chooses to play by always duplicating Alice’s previous
play (and Alice knows that this is Bob’s strategy). Show that Alice can always win.

In these games, a maximum time of one minute is allowed for each turn.

(iv) Can we be certain that a game of HT-6 will be finished within two hours? Justify
your answer.
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End of last question
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Special provisions

Latin Unseen Translation (e.g. extra time)

Time allowed: 1 hour

Translate both passages into English. Use the answer
spaces provided under each question.

UCAS Personal ID Surname ‘ First name(s) Date of birth

!

1 A farmer entertains in his cottage three gods travelling incognito, until Neptune

inadvertently gives them away.
luppiter et lato qui regnat in aequore frater

carpebant socias Mercuriusque vias;
forte senex Hyrieus, angusti cultor agelli,

hos videt, exiguam stabat ut ante casam,
atque ita 'longa via est, nec tempora longa supersunt,

dixit 'et hospitibus ianua nostra patei.'
tecta senis subeunt nigro deformia fumo;

ignis in hesterno stipite parvus erat. '
dumgue mora est, tremula dat vina rubentia dextra:

accipit aequoreus pocula prima deus.
quae simul exhausit, 'da nunc bibat ordine' dixit

“'luppiter.” audito palluit ille I_ovg.
Ovid Fasti 5. 495-514 (selected verses)
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2 A gigantic Gaul challenges the Romans to produce a warrior for single combat.

Tum Gallus eximia corporis magnitudine proces'sit et maxima voce ‘quém nunc’ inquit ‘Roma
virum fortissimum habet, procedat ad pugnam, ut eventus ostendat u'trra_ gens sit bello melior.”
luvenem armatum Romani adversus Gallum produEunt. Recipiunt inde se ad stationem; et duo in
medio relinquuntur, nequaguam pares. Corpus alteri magnitgdine erat eximium, versicolori veste
pictisque refulgens armis; media alterius statura arrhaque habilia magis quam decora. Ubi
constifere inter duas acies, Gallus in‘-adve’nientis a'rrqr_ia hostis cum ingehti sonitu ensem deiecit.

Livy 7.9 (adapted)
nequaquam in no respect
versicolor multicoloured

habilis serviceable

nd of Latm Unseen Translation paper (page 2 of 2)



